Abstruct -A systematic procedure is introduced to design a maximally flat low-pass filter with multiple order imaginary-axis zeros. The filter characteristics is specified by the passband and stopband edge frequencies, maximum loss in passband and minimum loss in stopband. This approach can lead to an optimal design of this class of filters.
I. INTRODUCTION Most of the previous studies on designing a maximally flat lowpass filter with multiple-order imaginary-axis zeros [l] -[?I are based on the filter's cutoff slope and minimum loss in the stopband. The filter so designed often depends on the choice of the position of the imaginary-axis zeros. Recently, a procedure for evaluating all the parameters of this kind of filters from the given specifications in 'the passband and stopband has been introduced by Varanasi and Dutta Roy [4] .
In this brief, an alternative approach is introduced to design this kind of filters, specified by the passband's maximum loss A max7 stopband's minimum loss A,i,, passband edge frequency wp and stopband edge frequency wS. The transfer function is derived from the modified Butterworth filter of Rakovich and Popovich [5] . It is similar to the derivation of the inverse Chebyshev low-pass function from the classical Chebyshev lowpass function [6]- [8] . By this approach, an optimal design of this kind of filters can be obtained.
II. MODIFIED BWTTERWORTHFILTER
The classical Butterworth low-pass filter has maximally flat attenuation response at w = 0 [S] . A class of low-pass filters with zero loss at w = 0 and at some frequency within the passband, known as modified Butterworth filter, has been studied [5] . In general, the magnitude squared function can be written in the form 1 IW412 = lir2(~*)"2m(~~0*-1)**
(1)
where m is an integer such that 2m < n and o0 Z= 1. c* is a constant controlling the maximum passband loss. The loss of the filter in decibels is given by
where L(w2) = (co*)"-2m(W;k? -l)*, I ^ \7m (06 -l)- The filter has zero loss at o = 0 and w = l/w,,. The first n -2 m -1 derivatives of L( w*) with respect to o* at o = 0 and the first 2m -1 derivatives of L( w*) with respect to o* at o = l/w,, are all equal to zero. The loss characteristics of (2) is shown in Fig. 1 . The frequency l/%l 9 corresponding to an analytical maximum of passband loss, obtained from the condition (dL(~*))/do = 0 at w =1/w,, is given by 1 n-2m (4) 00984094/86/0600-0642$01.00 01986 IEEE (b) The loss at o =1/w,,, is then obtained as
. (a; $(u;)n-*m . (9 1 The parameter or, can be chosen such that A(1) = A(l/w,) = lOlog(l+ r*). If the maximum passband loss is equal to lOlog (1 + c*), then the passband edge frequency oP is equal to unity. The normalized value of l/o0 can be found from the roots of the following equation:
The values of l/o0 and l/o,,, for n = 3 -12 and 2m < n are given in Table I . 
III. DERIVATION OF MAXIMALLY FLAT LOW-PASS FUNCTION WITH MULTIPLE-ORDER IMAGINARY-AXIS ZEROSFROMMODIFIEDBUTTERWORTHFILTER
Similar to the derivation of the inverse Chebyshev low-pass function from the classical Chebyshev low-pass function [6], maximally flat low-pass function with multiple-order imaginaryaxis zeros can be derived from ]T( jo) ]*, as shown in Fig. 2 The values w,, for n = 4 -12,2m < n, Al,min = 30 dB, A[,,,= = 3 dB, are calculated and given in Table II . The values of W, for the classical Butterworth low-pass filter with n = 3 -24 and the inverse Chebyshev low-pass filter with n = 3 -12 are also given in this table for comparison.
The value k = o,/w, is known as the selectivity of a low-pass filter [9] . The larger k is, the more selectivity, i.e., steeper, the response. For o, = 1, k = L+, . It is interesting to note that, for a given n, the largest selectivity occurs when m is equal to n/2 or an integer close to n/2. It may be pointed out that the number of finite imaginary-axis zeros in the nth order inverse Chebyshev low-pass filter is n/2 or (n -1)/2, depending on n is even or odd number.
IV. DESIGN PROCEDURE AND EXAMPLE
Suppose it is required to design a maximally flat low-pass filter with multiple order imaginary-axis zeros, given that
The specified passband edge frequency and stopband edge frequency are wP and ws, respectively. Then 1 ,2 = 1()0.lbi, _ 1 1 md -$ = 1(pl4m -1.
The desired selectivity k is equal to tip/w,. The loss function will be of the form given by (8).
The first step is to find the corresponding normalized filter, i.e., w, is set to unity. Equation (9) can be used to find the smallest (n, m) such that w, is equal to or larger than k. To find the optimal values of (n, m), arbitrary initial values of (n, m) are first given. The value o. is found from Table I or by solving (6). Then (9) is solved to obtain the corresponding 0,. Check if this o, is equal to or larger than k. By several iterations, optimal values of (n, m) can be obtained. After the normalized filter function has been found, frequency transformation [8] can be applied to obtain the required filter function.
For example, Al,,,= = 3 dB, A,,min = 30 dB and k = w,/w, = 0.85, the optimal values of n and m are n =lO, m = 2. To design a low-pass filter with the same specifications by Butterworth function and inverse Chebyshev function, the orders of the required filter function are 22 and 8, respectively. This is also shown in Table II . The Q-factors Q, of the critical pole pair (the nearest to the imaginary axis) [lo] for Butterworth function n = 22, for inverse Chebyshev function n = 8, for maximally flat low-pass function with multiple-order imaginary-axis zeros n = 10, m = 2.
The required Q,. of the maximally flat low-pass filter with multiple-order imaginary-axis zeros is only slightly larger than that of the corresponding inverse Chebyshev filter, but smaller than that of 'the Butterworth filter. The phase linearity of a filter can be illustrated by the corresponding time-delay performance of its transfer function. From Fig. 3 , it can be seen that the phase linearities of these three filters in the passband are comparable.
